This paper investigates incomplete interval fuzzy preference relations. An additive consistency property of fuzzy preference relations proposed by Herrera-Viedma et al. (2004) is first extended to a more general case. This property is then generalized to interval fuzzy preference relations (IFPRs) based on additive transitivity. Subsequently, we examine how to characterize additive consistent IFPR. Using these new characterizations, we propose a method to construct an additive consistent IFPR from an acceptable incomplete IFPR comprising n-1 preference data and an estimation algorithm for an acceptable incomplete IFPR with more known elements. Numerical examples are provided to illustrate the effectiveness and practicality of the proposed solution procedure.
Introduction
A fuzzy preference relation satisfying additive reciprocity is one of the most common preference relations for expressing a decision maker's (DM's) preference over alternatives. In a decision making process, the DM often needs to compare a set of n decision alternatives i x
( 1, 2,..., i n  ), thereby constructing a fuzzy preference relation Kacprzyk, 1986; Orlovsky, 1978; Tanino, 1984; Wang and Fan, 2007; Xu et al., 2013c; Xu, 2005) . However, the DM may have vague knowledge about the preference degrees of one alternative over another and cannot estimate his/her preference with an exact numerical value, but with an interval number. In this case, the DM constructs an interval preference relation. Saaty and Vargas (1987) first presented interval judgments as a way to model subjective uncertainty. Afterwards, different methods are proposed to generate weights from interval comparison matrices, such as linear programing (LP) (Arbel, 1989; Kress, 1991) , lexicographic goal programming (LGP) (Islam et al., 1997; Wang, 2006) , fuzzy preference programming (FPP) (Mikhailov, 2002; Mikhailov, 2004) , two-stage logarithmic goal programming (TLGP) (Wang et al., 2005) , eigenvector method (EM) (Wang and Chin, 2006) , Lambda-Max method (Csutora and Buckley, 2001) , goal programming method (GPM) (Wang and Elhag, 2007) , etc.
For IFPRs, Xu (2004b) defined the concept of a compatibility degree between two IFPRs, and showed the compatibility relationship between individual IFPRs and collective IFPR. Herrera et al.(2005) developed an aggregation process for combining IFPRs with other types of information such as numerical preference relation and linguistic preference relation. Jiang (2007) gave an index to measure the similarity degree between two IFPRs, and employed an error-propagation principle to determine a priority vector for the aggregated IFPRs. Recently, Xu and Chen (2008b) established some linear programming models for deriving priority weights from various IFPRs. Wang and Li (2012) developed goal-programming-based models for deriving interval weights from IFPRs for both individual and group decision-making situations.
The aforesaid research focused on preference relations with complete information. A complete preference relation of order n necessitates the completion of all n(n-1)/2 judgments in its entire top (lower) triangular portion where the lower (top) triangular part is implied by additive reciprocity.
Sometimes, however, a DM may develop a preference relation with incomplete information due to a variety of reasons such as time pressure, lack of knowledge, and the DM's limited expertise related with the problem domain Lee et al., 2007; Xu and Da, 2008; Xu et al., 2010; Xu et al., 2013a; Xu et al., 2013b; Xu, 2004a; Xu, 2005; Xu and Chen, 2008a ); In addition, when the number of the alternatives, n, is large, it may be impractical to require the DM to perform all the n(n-1)/2 required comparisons for a complete pairwise comparison matrix (Fedrizzi and Silvio, 2007) ; Moreover, it is sometimes convenient or necessary to skip some direct comparison between alternatives even if the total number of alternatives is small (Fedrizzi and Silvio, 2007) ; In some other cases, a DM is unable to express any kind of preference between two or more options due to the expert's insufficient knowledge of the problem or inability in discriminating the degree to which one option is preferred to another (Alonso et al., 2004; Alonso et al., 2008; Herrera-Viedma et al., 2007a; Herrera-Viedma et al., 2007b; Xu, 2012) .
A critical concern for incomplete fuzzy preference relations is to estimate the missing values. Herrera-Viedma et al. (2007a) proposed an iterative procedure to estimate the missing information in an expert's incomplete fuzzy preference relation. The procedure is guided by the additive consistency property and uses only the preference values provided by the expert. Fedrizzi and Giove (2007) put forward a new method for calculating missing elements in an incomplete fuzzy preference relation by maximizing global consistency. Later, Chiclana et al. (2009) pointed out that the two methods are very similar in calculating missing values. Chiclana et al. (2008) presented a new estimation method based on the U-consistency criterion for incomplete fuzzy preference relations. Alonso et al. (2008) presented a procedure to estimate missing preference values for incomplete fuzzy, multiplicative, interval-valued, and linguistic preference relations. Liu et al. (2012b) developed a method to calculate missing values by minimizing the squared error of an incomplete fuzzy preference relation and its priority weight vector. Xu (2012) devised an approach to extending each incomplete multiplicative preference relation to a complete one by exploiting multiplicative transitivity properties. Xia et al. (2012) furnished an algorithm to estimate missing values for an incomplete linguistic preference relation based on multiplicative consistency. Recently, research has been extended to interval-valued preference relations. For instance, Alonso et al. (2008) put forward a procedure to estimate missing information for the incomplete interval preference relations. Genç et al. (2010) examined consistency, missing value(s) and derivation of priority vectors from IFPRs based on multiplicative transitivity. Liu et al. (2012a) proposed a new method to obtain priority weights from incomplete interval multiplicative preference relations. However, limited research has been devoted to incomplete IFPRs. As such, it is necessary to pay attention to this issue.
Another important issue is the consistency of the judgment information provided by DMs (Chiclana et al., 2002; Herrera-Viedma et al., 2004) . It is obvious that consistent information is more relevant and important than the information containing contradictions. Consistency is associated with certain transitivity properties. Different properties have been suggested to model transitivity of fuzzy preference relations. One of these properties is the "additive transitivity", which, as shown in by Herrera-Viedma et al. (2004) , can be seen as a parallel concept to Saaty's consistency property for multiplicative reciprocal preference relations.
The aim of this paper is to propose methods for constructing additive consistent IFPRs based on acceptable incomplete IFPRs. We first extend an additive consistency property proposed by Herrera-Viedma et al. (2004) for fuzzy preference relations to a more general case. This property is then extended to IFPRs based on additive transitivity. After further characterizing additive consistent IFPRs, we develop two algorithms for estimating missing elements from acceptable incomplete IFPRs. A procedure is then laid out for handling GDM problems with acceptable incomplete IFPRs.
The rest of this paper is organized as follows. Section 2 reviews some properties of fuzzy preference relations. Section 3 first introduces the concepts of interval multiplicative reciprocal preference relations and IFPRs as well as their transformation function. The property of additive consistent fuzzy preference relations in Section 2 is then extended to IFPRs, followed by further characterizations of additive consistent IFPRs. Section 4 presents two approaches to construct additive consistent IFPRs based on acceptable incomplete IFPRs. A case study is furnished in Section 5 to illustrate how to apply our algorithms. We conclude the paper in Section 6.
Additive consistent fuzzy preference relations
( 2 n  ) be a finite set of alternatives, where i x denotes the i th alternative.
In multiple attribute decision making problems, a DM needs to rank alternatives 1 2 , ,..., n x x
x from the best to the worst according to preference information. A brief description of multiplicative and fuzzy preference relations is given below.
Multiplicative preference relations
A multiplicative preference relation is a positive preference relation A X X
where ij a denotes the DM's relative preference of alternative i x over j x . The measurement of ij a is described by a ratio scale and in particular, as shown by Saaty (1980) 
Fuzzy preference relations
A fuzzy preference relation R is described as follows: (Kacprzyk, 1986; Tanino, 1984 Proposition 2 . For a fuzzy preference relation ( ) ij n n R r   , the following statements are equivalent:
Proposition 3 . For a fuzzy preference relation ( ) ij n n R r   , the following statements are equivalent:
A new characterization of additive consistency
Herrera-Viedma et al. (2004) showed that Proposition 3 can be used to construct an additive consistent fuzzy preference relation from a set of 1 n  values 12 23 1 { , ,..., } n n r r r  . The aforesaid propositions were also used by Wang and Chen (2007; . In the following, a more general result is provided.
Proposition 4. For a fuzzy preference relation ( ) ij n n R r   , the following statements are equivalent:
Mathematical induction is employed to prove this part of the proposition. It is obviously true for 1 t  as it is reduced to the additive reciprocity property in Definition 2. Next, if the hypothesis is true for t n  , 
This completes the proof.
Furthermore, in the proof process, it is obvious that the differences of 2 1 3 2 , ,...,
are not necessarily equal to 1. As a matter of fact, the differences do not have to be identical.
Proposition 4 differs from Proposition 3 in that any sequence of values 
Interval fuzzy preference relations and their characterizations
In the following, we shall first introduce some operational laws for interval numbers (Hayes, 2003; Moore, 1966) . We then present a relationship between an interval multiplicative preference relation and an IFPR. The characterizations of additive consistent fuzzy preference relations in Section 2 are subsequently extended to IFPRs, followed by other useful results. Definition 5 (Xu, 2010) . If a positive interval multiplicative reciprocal preference relation
a a a   , for all , , 1, 2,..., i k j n  , and i k j  
Note that if an interval multiplicative reciprocal preference relation is multiplicative consistent, for all , , {1, 2,..., } i k j n  , as pointed out by Xu (2010) , it is necessary to require i k j   , otherwise, ( ) ij A a  would be reduced to a crisp number judgment matrix (Saaty's multiplicative reciprocal preference relation). For more detail, readers are referred to (Xu, 2010) . The implication is that it is only necessary to verify Eq.(9) for the upper (or lower) triangular portion of the preference relation when multiplicative consistency is checked.
Definition 6 (Xu, 2004b) .
then R is called an additive consistent IFPR.
Proposition 5. For a set of alternatives 
By Proposition 1 and Eq.(11) and the operational law (Eq. (7)) for interval numbers, we have 
Taking a logarithm operation (Eq. (7)) on both sides yields
Thus the expressions (a) and (b) are established.
Let i j  , and k j i   . The expression (c) can be rewritten as follows:
Mathematical induction is used to prove this part. It is clearly true for
... 
A linear function satisfying (a) and (b) takes the form 
is also an additive consistent IFPR.
Proof. Since (1) 
Procedures for constructing complete IFPRs based on acceptable incomplete IFPRs

Incomplete interval fuzzy preference relations
A complete n n  preference relation requires ( 1) / 2 n n  judgments in its entire top (or lower) triangular portion. Sometimes, however, a DM may furnish a preference relation with incomplete information due to a variety of reasons. Next, we first present basic concepts of incomplete IFPRs, then develop two procedures for estimating missing values. 
then R is called an additive consistent incomplete IFPR.
An estimation procedure for acceptable incomplete IFPRs with the fewest number of judgments
Next, by exploiting Proposition 5 and Proposition 6 or Proposition 7, a simple and practical method is developed for constructing a complete additive consistent IFPR based on an acceptable incomplete IFPR with the fewest number of judgment data (i.e., n-1 preference values):
Algorithm Ⅰ
Step 1. For a decision problem, let 
can be applied to preserve the reciprocity and additive transitivity, resulting in an additive consistent IFPR.
Step 3. Step 1. By Definition 8 and the aforesaid information provided by the DM, one obtains the following acceptable incomplete IFPR, where "x" denotes the unknown judgment. 
Step 2. Utilize Proposition 6 and Proposition 7 to determine all missing elements in R as follows: Alonso et al. (2008) proposed a different procedure to estimate missing values in an incomplete IFRP (see Appendix). For a comparison with our approach, their procedure is applied to determine the missing judgments in this example.
By Eq. (32), RL and RR are obtained as follows: 0.5 0.5 0.4 0.1 0.5 0.3 0.4 0.3 0.4 0.5 0.5 0.5 0.5
, 0.5 0.5 0.7 0.3 0.5 0.4 0.7 0.8 0.9 0.5 0.5 0.5 0.5
Step 
By repeating the estimation procedure, we finally have: 
In the real world, many decision making processes involve multiple stakeholders rather than a single DM. Next, Algorithm Ⅱis proposed to handle group decisions with incomplete IFPRs.
Algorithm Ⅱ
For a group decision making problem, let 
is applied to the upper and lower bounds for the interval values to convert the preference relation to an IFPR.
Step 3. Use the interval fuzzy weighted averaging operator Eq.(21) to aggregate all individual complete IFPRs ( )
Step 4. Utilize the interval normalizing rank aggregation method
to derive average degree i w of the i th alternative over all the other alternatives.
Step 5. Utilize the following formula (Facchinetti et al., 1998; Wang et al., 2005; Xu and Da, 2002) ( ) min max ,0 ,1
to obtain the possibility degree ( ) ).
Step 7. End.
Case study
This section presents a group decision making problem that is concerned with evaluating and selecting potential suppliers for the Pars Solar Company (adapted from (Hadi-Vencheh and Mirjaberi, 2011)). The firm produces solar boiler and solar water refiners. In its production process, the company needs to purchase solar panels in different sizes and voltages from different suppliers. Currently, Pars Solar Company has five potential suppliers from five different countries, the U.S., Germany, China, Turkey, and Iran, denoted as i x ( 1, 2,...,5 i  ), respectively.
A committee consisting of three managers l e ( 1, 2,3 l  ) (whose weighting vector is (1 / 3,   1 / 3,1 / 3) T ) from different departments has been set up to provide their assessment on the five suppliers i x ( 1, 2,...,5 i  ). Assume that the managers l e ( 1, 2,3 l  ) give their evaluations as the 
